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ABSTRACT

We show the existence of a sequence (4,) of scalars with 4, = o(n) such that,
for any symmetric compact convex body B C R”, there is an affine transfor-
mation T satisfying Q C T(B) C 4,Q, where Q is the n-dimensional cube.
This complements results of the second-named author regarding the lower
bound on such 4,. We also show that if X is an n-dimensional Banach space
and m =[n/2}, then there are operators a:I/f'>X and 8:X—I" with
fell - 18] =C, where C is a universal constant; this may be called “the
proportional Dvoretzky-Rogers factorization”. These facts and their corollar-
ies reveal new features of the structure of the Banach-Mazur compactum.

A celebrated result of F. John ([Joh]) says that, for every compact symmetric
convex body B C R", there is an affine transformation 7'such that D C T(B) C
n'2D, where D is the Euclidean unit ball. In the language of the local theory of
Banach spaces this means that, for any n-dimensional normed space X, the
Banach-Mazur distance d(X, I}) < n'?, where

dX,Y)=inf( || T || - | T7'|}: T:X — Y an isomorphism}.

1723

The constant n'** is clearly the best possible, as is seen by considering X =/ or

.
By contrast, no nontrivial information was available until very recently
about similar problems with D replaced by other convex symmetric bodies,
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e.g. the unit balls of /% or I} (for n > 2). The main purpose of this paper is to
partially fill this gap by proving the following

THEOREM 1. We have
max{d(X, [3):dim X = n} = max{d(X, I}): dim X = n} = o(n).

Moreover, there is an explicit estimate from above ofthe form
Cn exp( — c(log n)'"?) for the quantity in question, where C, ¢ > 0 are universal
constants.

REMARKS. (1) The set # = %,={X: X — normed space, dim X =n},
endowed with the Banach-Mazur “distance”, is usually called the Banach-
Mazur compactum (or the Minkowski compactum). The result of F. John
mentioned above says that 4, is contained in the “circle” of radius n'?,
centered at /7. Theorem 1 states that for the center /% the corresponding radius
is o(n). We should recall here that, by the remarkable result of Gluskin [Glu],
the diameter of 48, is asymptotically of order »n and so, for some convex bodies,
the trivial upper bound on the corresponding radius cannot be essentially
improved.

(2) Our proof of Theorem 1 actually gives a somewhat more precise
estimate: if d, =d(X, I}) (2 n"?), then

max{d(X, I2), d(X, I})} = Cn'"d, exp( — c(log d,)'"?)

with C, ¢ > 0 — universal constants. Moreover, for any p €[1, «], denoting
a=|1/p—14| and q = p/(p — 1), we get, after routine changes in the argu-
ment,

d(X, I}) = Cn°d, exp( — c(log(d,/n"))"2).

(3) The hypothesis of the symmetry of the convex body in question cannot
be omitted. Indeed, a simple geometric argument shows that if X is an n-
dimensional simplex, K C R" — any symmetric convex body (in particular the
Euclidean ball, cube oraballin any /})and K C £ C AK, then A = n. We do not
pursue the problem of asymptotics of the best A in the nonsymmetric case as it
lacks immediate motivation in the local theory of Banach spaces.

(4) The estimate Cnexp(— c(log n)"?) in Theorem 1 is apparently not
sharp. To obtain a better one we would need sharper estimates on b(d) in
Proposition 3. However, one cannot hope for the same asymptotics "2 as in
the John’s theorem: it was shown recently by the second-named author that
max{d(X,I%): XERB,} = cn"? log n ([Sza]).
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Our next theorem improves the result of Dvoretzky—Rogers [D-R]. One
may call it “the proportional Dvoretzky-Rogers factorization”.

THEOREM 2. Given d€(0, 1) there exists A = A(J) such that, for any
finite-dimensional Banach space X, there is an integer m > (1 — §)dim X and
vectors x, . . . , X, © X such that, for any scalars t,, . . . , t,,

12
<4(2 157)"

v

2 b

JjEm

max || =
JjEm

In other words, the formal identity i, : I — I3 can be written as i, = a°f,
B:lF—X,a: X—I3, with |a| - | B || £A. The same holds for the formal
identity i\, : I"— 1.

REMARK. (5) [D-R]contained a version of Theorem 2 with m = [n'?]. On
the other hand, one cannot expect the statement to hold with m = n; it was
shown in [Sza] that, in general, one may need then 4 = c(n/log n)"'°, How-
ever, our methods do not seem to imply that, in the case m =n, 4 = o(n'?).

(6) A version of Theorem 2 with “given d €(0, 1)” replaced by “there exists
0 €(0, 1)” is much easier to prove. Indeed, one just needs to combine Lemmas
B and E (both known) with the same argument as that used to derive Theorem
2 from Proposition 3 below.

(7) It follows immediately from Theorem 2 that, given d €(0, 1), there is a
subspace E of X with dimE =m = (1 —d)n and d(E, I™) < A(d)n"? (resp.
d(E,I™). In the case of /{", this was proved, up to a logarithmic factor, in
[B-M]; a version with “there exists ” was shown, independently of this work
and approximately at the same time, by K. Ball.

(8) The same argument as used below to prove Theorem 2 shows that if
dim X = n and m = [n/2], then the Banach-Mazur distanceof Y =" ® [} ™
(or 7@ 2™ to X does not exceed Cn'?, C — a universal constant. This
means that, in the asymptotic sense, Y is a “center” of the Banach-Mazur
compactum, which answers a question of A. Pelczynski (stated e.g. in his 1983
Congress talk [Pel]) about uniqueness of such a center; note also that
d(Y, ) = (3n)"2 Actually, for this purpose the original Dvoretzky—-Rogers
lemma would suffice, but without yielding the extremal distance of a center
to 3.

We use the standard notation from the local theory of Banach spaces as can be
found e.g. in [T-J] or [M-S]. Let us only mention the following: by | - |, we denote
the norm on /}, by | -| — the norm on a generic Hilbert space (and also the
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cardinality of a set), by || T ||,—, — the norm of an operator T considered as
acting from /; to IJ"; for a subspace E of a Hilbert space Py is the orthogonal
projection onto E. We consider only the real case; however, all the statements
hold also in, and all the arguments carry over to, the complex case (the crucial
Lemma B was stated in [B-T] in the complex version). The letters C, ¢, ¢, ¢’,
etc. are reserved for universal numerical constants, whose value may change
from line to line.

The theorems will follow from the following technical statement which is a
more precise version of Theorem 2 (but, in fact, is formally equivalent to it).

PrOPOSITION 3. Given 6 €(0, 1) there exists b = b(6)> 0 such that, for
any finite-dimensional normed space X, there is a Euclidean norm | - | on X, an

integerm = (1 —d)Ydim X and x,,...,x,€X, | x; || =1 for all j, such that
M -1 = | - lx=2"d,)- |, where d, = d(X, I§"™),
(2) foranyscalarst,, ..., t,,

p(z 1) s |2

Moreover, b(d) = c exp(— C(log 1/6)?), where ¢, C>0 are universal con-
stants.

We first show how to derive the Theorems from Proposition 3.

Proor oF THEOREM 1. We prove the stronger version indicated in the
remark (2) following the Theorem. By duality, it is enough to estimate d(X, /f)).
Apply Proposition 3 to X (with d to be specified later) to obtain Euclidean
structure on X and x;, ..., X,. Let y, ..., ¥,_. be an orthogonal basis of the
orthogonal complement of [x, . . ., X,,] (the linear span of x;’s), normalized so
that |y;| =(2"d,)"' and so | y;|| =1 for all j. Consequently, for any
sequences of scalars (¢;) and (s;),

“Etij+zsm j =214l + 2 Isl.

On the other hand
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Syl +3 5] <m? (2 |t,-|2)"2+(n — my» (2 s 12)

§m"2b(6)“’ Y ox| +(n—m)2.2"d,| ¥ sy,

= (mb() 4+ 2n — m)d})"?| X tx; + T sy

< (nb(3) % + 20nd2)""

Zt,-xj+2s,y,-H.

To conclude the argument use the estimate on b(d) given in Proposition 3
and optimize over 6 €(0, 1). Let us also note that the case of the general p
(from the remark (2)) requires only standard modifications and so we omit the
proof.

ProoF oF THEOREM 2. First observe that of the three versions given in the
statement of the Theorem, the first two are equivalent by the extension
property of the space /,, and the last two by duality. We will show the last
statement (about the factorization of 7 , through X). Applying Proposition 3
(with the same 0), defining B: /"X by B(t)=21tx;, ay:[x;]—=I by
a(Z tx;) = (t;) and finally a: X = I by a = a P, where P is the orthogonal
projection of /5 onto [x;], we get the required factorization i,, = a° §.

For the proof of Proposition 3 we need several lemmas.

LEMMA A. Let A = (ay) be a triangular k X k matrix such that, for some
M>c>0,

@) 14 =M,

(ii) |az| =cfori=1,...,k.
Then | A~ ||,o2 = 2c~'(M/c + 1)*~ 1,

Proor. Denote the diagonal and the off-diagonal parts of A by Aand T
respectively. Then 4 = Al + A™'T),A ' = (I + A~'T) 'A~!; the argument is
concluded by expanding (I + A~!T) ~! into a (terminating after k terms) power
series and applying all the available estimates.

The next lemma, which is the cornerstone of this paper, is a special case of
Theorem 7.1 from [B-T)]. We reproduce the proof here for completeness as it
becomes significantly simpler now than in the more general setting of [B-T].

LEMMA B. Letx,,...,x,E€l, and a> 0 be such that
O Ixih=1forallj. ’
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i) |(x;,e)) Zaforallj.
Then there exists 0 C {1,2,...,n}, |@| > cn, such that, for all scalars (t)),

, Z {a <2 |4 |2)m,

where ¢ = c(a) depends only on o.

2

Proor. Step I. We show now that given é >0 (to be specified later),
there exists o, C {1,...,n}, |o;| =n;>1dn, such that, denoting a; =
(x;, €;), we have, for i €Eo,,

(») ( 5 Ia,-,lz)m§6.

Ea),j¥i

We present an argument due to J. Elton (see e.g. [J-S]). Let k = [14%n], we then
have

n—2 n n—2 n
we 2 1al=(75) /() 2 ees( ) /()
IC{Ill,l.;.’én), i,jelz,j;til i k-2 k 155;‘5"' 4 k—2 k ”

=k(k — 1)/(n — 1) = k¥n.

Choose 1, for which Z,c;;.;la;?<k¥n, and define o =
(i€ly: Ziepjpila;|* < 2k/n); then |g,| >4k. One easily checks that this
choice of g, works.

Step II. Assume, for simplicity, that o, = {1, 2, ..., n}. Denote, for i <
Ny, Yi =25, € and y; =Z;, ;4 a5¢. By Step I, |yi|, =0 for i =n, and
consequently, denoting

@={e= Y gegig=+1or —1},

jsm

we have

172 12

ave (S10n.007) " s(ave S100008) " = (S 118) " s anin

Now let ¥ ={e€D:Z;|(y, €)D" =2n{"?}, then |&|>2n"1=1|9|
and so, by the Sauer-Shelah lemma ([Sau], [She]), there is
0, C{,2,...,nm}=0y, |6l =n>in={é’n such that, for each
&’ = (&))je,,€{ — 1, 1}*, there exists an extension & = (g;);e, € & (i.. & = &/ if
JEa).
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Step III. We claim that, for any scalars (a;);eq,

12
Zay| zaXlal~27%n?( la) "

Indeed, set, for i €0, &;=sgn(a;-a;) (recall that a; = (x;, €)= (¥, ),
|@;| Z a) and let € = (¢;);e,, € & be an extension of &’ = (¢}), the existence of
which is guaranteed by Step II. Then

12(2} a,-y,-,s>=2 la;] - |a;| +<§ ay;,s)

!

Y ay

iEa;

172 1/2 12
zaZlal - (210000F) (21aP) 2ad la) - 20m7 (S 1a),

i
whence our claim promptly follows.

Step IV. We show that, with proper choice of J, there exists ¢ C g,
|a| = 4|6,] =2 %n, so that, for all scalars (¢;);c,,

From this the lemma easily follows as |Z #.x;|, = | Z ¢y, |; for any (¢;). Suppose
the above assertion is false, i.e. for every T C a,, | t| = in,, there is a sequence
(b), by =01if j &1, such that = | b;|*=1 and |2 by;|, < }a. We construct, by
induction, a sequence (7;) of subsets of o, and vectors z; = Z;¢,, by to satisfy

(i) 7,=o0,

(i) |z k=i, 2; lbijl2= 1,b;=0ifjé&1,

(i) e ={JE€T: Zizk 1117 <1},
as long as we can, i.e. until after, say, m steps |7,.,| <3in,. Note that our
construction implies

§)] Ei,j !bijlz =m,

(i1) Zism 1b;1? <2 forall j,

(1) Zism 1y Pz 1ifj€6~ Ty and |Gy~ Tpii| >in,
An easy computation shows now that m < 2n,.

Let (g;) be a sequence of i.i.d. N(0, 1) Gaussian random variables. We have
(E stands for expected value)
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ZaE ¥ | Y bgg," — 2¥28p 17K (Z > b,-,-giD "
J i J i
> a3 (2 16y) "~ 27n2(3 18,7)
j \i i,J
= a(2/m)"2 dn, — 232603 2ny) 2
= (a/(27)"? — 49)n,.
On the other hand,
<E gz, ‘ '2 8z <(2/7z)"2 (Z |2 |2> 21

< (2/7!) 12, ll2

(3]

= (2/7)"n) jam" < af27"n,

12
= @m"nf? (3 12,8)
2

i

where, for v E1,, the operations |v| and |v|? are understood coordinatewise.
This is contradictory if J is chosen small enough (e.g. § = o/8). Note that the
argument proves Lemma B with ¢ = 2'%?2

LEMMA C. Assume z,,...,z,EH (a Hilbert space) satisfies |Z tz;| =
(Z 11,12 for all scalars (t;) and that P : H — H is an orthogonal projection with
corank P < an. Then, for every d > 4a, there exists 6 C{1,...,n}, lo| =
(1 — 0)n such that, for all scalars (t,);eq,

zc(é)(z It |2>”2,

i€o

2 tPz;

i€o

where c(6) = %, and d is a universal positive constant.

ProoFr. Without loss of generality we can assume that H =[z,,..., z,] =
I} (since if Py= Py, ... ,inqerpy- then rank Py = (1 — a)n and, for every xEH,
| Px| = | Pyx |). Moreover, we can assume that z; = ¢, for all j: set Tby Te; = z;
and P’=T7'PT, then ||T~'|] =1 and P’ is a projection on [§ with rank
P’ Z (1 — a)n (P’ is not necessarily orthogonal); now let P” = Py, p,, then, for
any scalars (1)),
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- 'T(Z sz’e,-) z | T l L4Pe

Z ‘P' (2 t,ej) ) (2 t,e;)
Hence we need only to show that there exist g, c(d), etc. such that

4P| 2c@)(Z 1)

Jj€a \Ea

‘ Y 4Pz = ‘ X 4PTe;

=

(*

where P is an orthogonal projection, rank P = (1 — a)n.

We construct g by an inductive procedure: ¢ = o, U - - - U g, where, with
the notation 7, =0,U --- Uaq,, |0,| Z¢’| ~1,_,| and, consequently, the
number of steps k < C’log 1/d (¢/, C' > 0 — numerical constants). The pro-
cedure is as follows: suppose we have already defined o, ..., g,_, and that
| ~t,_y| >0n Z4an. Set E =[e];e~,_, then dim E >4an. Let E{=
E N (ker P)*; then dim E! = dim E — an and so

[{i€~1,_:|Pge;? =4} ZdimE — 2an z }dim E = §|7,_|.

By Lemma B, there exists o, C ~1,_,, |0,] Z¢’| ~ 1,_,], such that, for all

scalars (¢;);e,,,
172
g c (E I ti |2) ’

where ¢ > 0 is universal. Consequently, denoting E” =[Pe;: i E1,_]*

PE,< ) t,Pe,-) = c( DIRTA |2> 1/2.

i€aq, i€a,

‘ Y tPre
i

(%)

The latest implication follows from the following: if e = Z;¢,, ti¢;, then

|PeAPe)| 2 inf |Pefe+h)| = _inf |Pe'+e+hl
E€ker

¢'EE*, hEker P

= inf |e’+e+h’'|Z inf je+ Pgh’| = |Pge]l.
e’EE", h'Eker P h’Eker P
We now show that the obtained o really satisfies (x). Indeed, (»+) implies
the existence of mutually orthogonal subspaces E,,...,E;, of &
(E,=E’Nn(E”,,)") such that
(i) i€ag,=Pe,E[E, U - .- UE],
(ii) for all scalars (¢)e,,, | P5(Z;t:Pe)| = c(Z; |4 )V



178 J. BOURGAIN AND 8. J. SZAREK Isr. J. Math.

Now, if x = Z;e, tie;, denote x; = Z;e,, 1€;, ¥; = Pgx; and x, = x;/|x}|, y, =
yi/|y:]. We need

Y ux,

sSk

172

= 6(5)< Y Iy |2>
s<k

for all scalars (u,); this is certainly implied by ||4~'| =c(6)~!, where

A = ((x;, ¥,))s.. <k- Consequently, applying Lemma A and taking into account

the fact that k < Clog 1/d, we get the assertion.

LEMMA D. Let D=0 andlet x,, ..., x,, be elements of a Hilbert space H
such that |x;} =D for all j. Then, for any a >0, there exists an (orthogonal)
projection P on H such that corank P <am and, for any scalars t,, ..., t,,
|Z tPx;| <a""DE |tj|2)”2.

ProoF. Let T:/'—H be defined by Te;=x;, j=1,..., m. Then the
Hilbert-Schmidt norm of T is < m'2D and so the number of eigenvalues of
| T| exceeding a'?D is < am. Choose P to be the spectral projection of TT*
corresponding to the remaining eigenvalues.

The next lemma is the original Dvoretzky-Rogers lemma [D-R].

LemMA E. Let B C R™ be a compact convex body symmetric with respect to
the origin such that the Euclidean unit ball has the smallest volume of all the
ellipsoids containing B. Then there exists an orthonormal basis u,, . . . , U, of
R™and x,, . .., X, €B such that

(@) (x,w)=0if1=i<j=m,

() (x,u)y=((m—i+1Yym)?fori=1,...,m.

We are now ready to conclude the proof of Proposition 3. Fix § > 0. We first
introduce an appropriate Euclidean structure in X, generated by an ellipsoid &
(the unit ball in that structure), to be obtained by a method of “consecutive
corrections” with the use of the following construction.

Suppose that &, C X is an ellipsoid and that X = E & F is an orthogonal (in
the &,-sense) decomposition, dim F = m. Denoting the unit ball of X by By,
consider &’ C F — the ellipsoid of minimal volume containing PBy (the John
ellipsoid), and

& ={sx+ty:s’+=1,xEE&NE,yEE}.

Clearly &, is an ellipsoid, & N E = &, N E and E, F are orthogonal also in the
& -sense; for the rest of the paragraph we are going to work with the Euclidean
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structure generated by &,. By Lemma E, there exists an orthonormal basis
U, ..., Uy of Fand x,, ..., x,EBy, r>4im, such that (Pgx;, ;) =2~ for
J=1,...,r. Consequently, by Lemma B, there is a subset ¢ C {1, 2,...,r},
lo| Zcr >4com, such that, for any scalars (f)je,, |2, iPrx| =
272, 145D >0 is a universal constant. Note that if F’'=
[Pexy, ..., Pex,), then PrBy C &, N F'.

We apply this procedure inductively, denoting the F’ obtained in step s by F;
and using, in step s, E = Fy+ « - - + F,_, (in particular E = {0} in step 0), to
construct an ellipsoid &, and associated with its Euclidean structure in X, an
orthogonal decomposition X = F,® F, ® - - - & F, with k = C,log 1/ (Cy —
a universal constant), dim F, < ién, such that

(i) foreach s =0, ...,k — 1, there is a set

X,={x,...,5,}CB.NFp+F+---+F,

p = dim F;, satisfying, for all scalars (z,),

2 tPex;

i

; 2 -52 (E '{j ]2) ”2.

(ii) PeBy C &, N F,for all s and, consequently, By C (k + 1)'28,.

We now want to show that, for a large subset &’ of X =&, U - - - U Xs_1,
the lower l,-estimate still holds. To this end denote, with some abuse of
notation, ¥ ={x;} and apply Lemma D with, say, a=¢* (and
D =(k+1)"2=(1+ Clog 1/6)"%). This yields a projection P, corank P <
0% & | <6**n, such that, for any scalars (1)), |Z;4;Px;| =0~ ¥D(Z; |42
Assuming, as we clearly may, that J is small, we have in fact |Z;,Px;| <
07'(Z;141H"% the same holds of course for any projection Q satisfying
ker Q D ker P. Denote, fors =0,1,...,k — 1, F' =F, n (ker P)* and apply
Lemma C with P = Prand {z;} = & to obtain

{Z}=%Cx,, X, ~X| =40 X,| <491Z,]

such that, for any scalars (¢;),ca:,

o (2108) "2 | 2oeas

= 5 ()] It |2)”2.

Set '=U, . &, then |&’| > (1 —d)n. The same argument as in the
conclusion of the proof of Lemma C shows that the elements of & and the
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Euclidean norm related to &, satisfy the condition (2) from Proposition 3 with
b = exp( — C\(log 1/6)?), where C, > 0 is a universal constant.

It remains to make sure that the condition (1) from Proposition 3 also
holds. To this end, let &* be an ellipsoid such that d;'&* C B, C &*
(a distance ellipsoid). Next observe that &* N (k + 1)!2&, is, up to a factor 2'2,
equivalent to an ellipsoid, i.e. there exists an ellipsoid & with 2-2& C
&* N (k + 1)2&, C &. Then the Euclidean structure associated with & clearly
satisfies the condition (1); in (2) we absorb the constants 2~ 2 and (k + 1)~
into b, which is not a problem. Q.E.D.
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